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We construct solutions in the bulk with flat vacuum branes without ne
tuning the constants of the theory. Our solutions incorporate two branes
and have topology S1  R4 without Z2 symmetry. They are not invariant
under the four-dimensional Lorentz group eectively acting on the brane, but
the signicance of this fact will become clear only after the study of their
perturbations.
PACS number(s): 04.50.+h, 98.80.Hw
The problem of cosmological constant remains to be one of the important issues in the
brane-world theory. It is known that the existence of flat vacuum solutions on a brane
requires ne tuning the bulk cosmological constant and brane tension, as it is the case in
the Randall{Sundrum original model [1]. In an attempt to avoid ne tuning, one considers
self-tuning mechanisms based on the dynamics of bulk scalar elds or antisymmetric tensor
eld; however, this approach is still far from being satisfactory (see [2] for recent reviews).
In virtually all approaches to this problem, one looks for solutions in the bulk invariant
under the four-dimensional Poincare group eectively acting on the brane. However, if one
does not demand such symmetry for the bulk, then it is possible to construct flat vacuum
solutions on the brane in the simplest purely gravitational model without ne tuning the
constants of the theory. Such a construction will be the subject of the present paper. The
nongravitational eld theory conned to the brane remains to be Poincare invariant, and
the four-dimensional translation symmetry of the bulk is also preserved. The signicance
of the fact that the ve-dimensional gravitational background is not Lorentz invariant must
become clear only after the study of its perturbations.




















Lmatter(hab, φ) , (1)
the notation of which is obvious and is described in [3]. The sum in (1) is taken over all bulk
components bounded by branes. A brane which is embedded in a ve-dimensional bulk is
described by the equation








= τab , (2)
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where τab is the stress-energy tensor of matter on the brane, and the tensors S
()
ab are ex-
pressed through the induced metric hab and extrinsic curvatures K
()
ab of the brane in the





ab − habK() , K() = habK()ab . (3)
In this paper, the extrinsic curvature of the brane is dened as Kab = h
c
arcnb, where na is
the inner normal of the corresponding volume (in [3], it is dened in the same way through
the outer normal).
For simplicity, we consider the case where the bulk cosmological constant  is one and
the same on the two sides of the brane. In this case, the constraint equations on the brane
are equivalent to the following system of equations [3]:





















SQ = 0 , (5)
DaQ
a
b = 0 , (6)




ab , Qab = S
(+)
ab − S(−)ab , S = habSab, Q = habQab, and Da denotes
the covariant derivative on the brane associated with the induced metric hab. Imposing the
standard Z2 orbifold symmetry is equivalent to setting Qab = 0.
Our procedure consists in obtaining a solution of the system of equations (2), (4){(6)
on the brane and then matching it with solution in the bulk. Since we are looking for flat
















where Qab is a conserved traceless tensor on the brane. The constraint equation (4) leads











In passing, we note that imposing Z2 symmetry would imply q = 0, and Eq. (9) would
then turn to the well-known ne-tuning condition [1] between the constants of the theory.
Without imposing Z2 symmetry, we have a free parameter q at our disposal, which makes
ne tuning unnecessary. The price that we pay for this is that solution in the bulk is no
longer invariant under the four-dimensional Lorentz group eectively acting on the brane.
The data (8) on the flat brane must be matched with the solution of the Einstein equa-
tions in the bulk. To solve this problem, we choose the Gaussian normal coordinates in the
bulk generated by the Minkowski coordinates x, α = 0, . . . , 3, on the brane, so that the




where z is the fth coordinate in the bulk, and the brane corresponds to z = 0. One can
obtain the dierential equations for the components h and S(), in the range z  0 for
\+", and z  0 for \−", by using the procedure of 4 + 1 splitting of the Einstein equations





























where G are the components of the Einstein tensor of the metric h . Together with the
constraint equations (4){(6), Eqs. (12) and (13) are equivalent to the Einstein equations in
the bulk. The initial data for these equations at z = 0 for the regions z  0 and z  0 is
given by Eq. (8) and by the condition h jz=0 = η.
The components Q of the traceless conserved tensor Q
a
b can be chosen constant on
the brane. Then, because of the homogeneity of the data on the brane, the solution for h
and S() depends only on z; thus, the induced metric h is flat on every hypersurface
z = const. Consequently, the components of the Einstein tensor G in Eq. (12) are equal
to zero, and this equation becomes closed with respect to S()(z). Its solution can be





A (jzj) δ  B (jzj)Q
]
, (14)
where the functions A(z) and B(z) are dened for z  0. These functions satisfy the




A2 − qB2  0 , (15)


















, B(0) = 1 . (17)
Solution of (16), (17) exists in some interval of z > 0 and can be expressed in terms of
elementary functions. If the values of q and σ/M3 are positive, then both functions A(z)
and B(z) are positive and monotonically increase to innity on a nite interval of z. After
one obtains the solution for A(z) and B(z), one can solve Eq. (13) with the initial condition
h(0) = η , and the corresponding solution can also be expressed in terms of elementary
functions. We will not write these solutions here.
To give an example of complete solution in the bulk, we choose the traceless matrix
of components Q to be diagonal. Then solution (14) and, consequently, solution h(z)
of Eq. (13) also have diagonal form. Let the solution of our equations exist in a segment
[−z0, z0] of z. Since the induced metrics on the hypersurfaces z = const are flat, there exists
an isometry between the two hypersurfaces z = z0, which we can use to identify them. To
dene this isometry, it suces to perform certain uniform dilatations of the coordinates x
of one of the hypersurfaces, say, z = z0, which will modify the components of the induced
metric h(z0) and make them equal to the components h(−z0). Note that such dilatations
will not change the components S(+)

(z0) because they form a diagonal matrix. After this,
we place another brane at the hypersurface obtained by the identication described. Since










= −M3A (z0) δ , (18)
i.e.,
σ0 = −M3A (z0) . (19)
If the value of σ/M3 is positive, then σ0/M
3 must necessarily be negative and greater by
absolute value, since A(z) is monotonically increasing with z in the present case.
We conclude that we constructed regular solutions in the bulk with two flat branes
without ne tuning the constants of the theory. Condition (19) for σ0 hardly can be viewed
as a signicant constraint, since the point z0 can be taken arbitrarily in the domain of
existence of the solution of Eqs. (16) and (13). Our solutions have topology S1  R4, as in
the Randall{Sundrum model [1], but without Z2 symmetry. They are not invariant under the
four-dimensional Poincare group eectively acting on the brane, although they remain to be
invariant with respect to the four-dimensional group of translations. The largest symmetry
that can persist in the bulk is the SO(3) symmetry of spatial rotations with a distinguished
time direction. The signicance of this fact will become clear after the study of perturbations
around the background obtained. We note, however, that the nongravitational physics on
the brane remains to be Poincare invariant.
This research was supported in part by the INTAS grant for project No. 2000-334.
4
[1] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [hep-ph/9905221]; Phys. Rev.
Lett. 83, 4690 (1999) [hep-th/9906064].
[2] J. E. Kim, Self-tuning solutions of the cosmological constant, hep-th/0108081; H. P. Nilles,
The cosmological constant and the brane world scenario, hep-ph/0101015.
[3] Yu. V. Shtanov, Closed system of equations on a brane, hep-ph/0108153.
5
